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Research Statement

During my PhD I have studied the building blocks of string scattering amplitudes, both for their
expansion around their field-theory limit and for their number-theoretic properties. These are spe-
cial functions that appear in computing certain integrals over the configuration spaces of Riemann
surfaces. In ref. [1] I checked the so-called coaction conjecture for a family of genus-zero integrals
that universally appear in tree-level string amplitudes and Feynman integrals, and other properties
of these such as their double copy and analytic continuation. My work [2] extended some results of
[1] to a genus-one setup, i.e. prototype integrals in one-loop string amplitudes: I found a differen-
tial equation method that allows the evaluation of their low-energy expansion, and their analytic
continuation. In ref. [3] I expanded the toolkit available for genus-one amplitudes to also work for
amplitudes of e.g. heterotic string theory.

Coaction and double-copy properties of configuration-space integrals at
genus zero
In my work [1] I check the coaction conjecture of ref. [4] that initially arose from a particle-physics
context and that can also be framed in terms of a “lazy” N -point string amplitude: instead of inte-
grating over the (N − 3) puncture positions as prescribed, we only integrate over p of them. These
integrals therefore are functions of the leftover (N − p− 3) cross ratios, their α′-expansion is given
in both MZVs and MPLs, and the coaction acts non-trivially on both of these. In order to obtain the
α′-expansion in the first place, I used a differential equation on a vector of “master integrals” (i.e.
a vector of integrals that closes under taking a differential equation) for this setup. I also studied
for a closed-string version of these integrals how the KLT-formula form of the double copy relates to
the single-valued map. The language of twisted (co)homology [5, 6] proved useful in this genus-zero
setup.

Open-string integrals with multiple unintegrated punctures at genus one
In my work [2], I obtained an α′-expansion of genus-one integrals and their generalizations to ar-
bitrary numbers of unintegrated punctures from a differential equation. In a way, this work can
be seen as a genus-one extension of some of the results in [1], or as an extension of the results in
[7] to additional unintegrated punctures. I found that the proposed “master integrals” of [1] have
a genus-one extension that also closes under taking a differential equation. This is interesting be-
cause there is (yet) no twisted cohomology argument for this (except for the case of [8]). Moreover, I
found connections the so-called universal KZB equation [9]. In particular I found graded represen-
tations of the genus-one Kohno-Drinfeld algebra t1,n and novel analytic continuation identities for
eMPLs coming from this differential equation.

Basis decompositions of genus-one string integrals
In my work [3], I obtained identities useful for the α′-expansion of, say, heterotic string amplitudes.
More specifically, heterotic string amplitudes involve terms that are not obviously related to the
vectors of “master integrals” of e.g [10]. Thus, one needs to do some work, via integration-by-parts
(IBP) and the Fay identities (a genus-one version of partial-fractioning) to turn string integrands
into our “master integrals”. A punchline of this work is that the “master integrals” of previous
work are sufficient, and thus it gives further justification in using the term “integral basis” when
referring to them. The expansion coefficients are worked out in a variety of all-multiplicity cases,
and it remains to clarify their relation to intersection numbers in a twisted cohomology framework.

Further directions
The explorations in my previous work opened up conversations with both mathematicians and physi-
cists to tackle problems we’re both interested in. The following are two ongoing projects that address
some questions raised by my previous work.
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1. The main big question is: what is the twisted cohomology framework for genus-one? Mathe-
maticians [8, 11, 12] have been working on a twisted cohomology setup for genus-one integrals
in which only one puncture is integrated. Further understanding why they make the choices
they made and how they relate to string amplitudes (and crucially, what are the implications
for BCJ double-copy as we take the field-theory limit?) is subject of ongoing work in collabo-
ration with Rishabh Bhardwaj, Andrzej Pokraka, and Lecheng Ren.

2. We learned a lot from the setup of our work in [1], but... can we turn this idea around? If
we assume that a generating function of MPLs satisfy the coaction principle - as a generating
series - does this in turn give a recursion for the coaction of MPLs? Abstract lie algebra gener-
ators related to MZVs and the Drinfeld-Kohno algebra play a crucial role here, and both have
concrete realizations in the initial values and differential equations, respectively, of the con-
figuration space integrals in [1]. This is ongoing work with Hadleigh Frost, Martijn Hidding,
Deepak Kamlesh, Oliver Schlotterer and Bram Verbeek.

There are several other projects at the interface of QFT, string theory, number theory and alge-
braic geometry I would enjoy working on in the near future. More concrete starting points for my
future research include the following.

1. What does a one-loop version of the double-copy look like for string-theory amplitudes? One
candidate, by twisted cohomology, would be an extension of [8, 11, 12] to multiple integrated
punctures. Another approach is the recent work of Stieberger on one-loop KLT relations [13].
Is there a framework where both of these approaches fit in?

2. There are versions of coaction formulas at genus-one and higher, in refs. [14, 15, 16]. If
the genus-one configuration-space integrals of my work [2] are given a coaction via twisted
cohomology[17], this should imply a concrete realization of de Rham periods for the genus-one
coactions on eMPLs, by α′-expanding the integrals and comparing coefficients.

3. I was able to write interesting properties of the analytic continuation of eMPLs in my work
[2] by using the properties of the universal KZB equation. However, there are many more
properties, such asA-cycle andB-cycle translation of punctures, and S- and T -transformations
of the surface moduli τ that are implicit in the work of [9]. I plan to spell this out for both
efficient numerical implementation and analytic understanding of eMPLs.

4. A proposal for the integration kernels in higher-genus polylogs was described in [18] in a
language very amenable for computations. It would be interesting to use these building blocks
to propose configuration-space integrals for higher-genus string amplitudes. I plan to study
such integrals as an extension to the twisted cohomology setup of [8], and compare this to the
higher-genus approaches of [19, 20].

5. I plan to extend the numerical toolkit to evaluate the functions in [18] defined on genus g > 1
Riemann surfaces. This would help for both exploring and checking relations (e.g. double-
copy relations) for higher-genus configuration-space integrals. The Schottky parametrization
seems key here [21]. As a first step, I plan to port [21] from MATLAB to Julia.
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